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Abstract 

Let M he a complete connected Riemannian manifold with boundary dAd, Q a 
bounded continuous function on dM, and L = A + Z for a C^-vector field Z on M. 
By using the reflecting diffusion process generated by L and its local time on the 
boundary, a probabilistic formula is presented for the semigroup generated by L on 
M with Robin boundary condition {N, V/) + Qf = 0, where N is the inward unit 
normal vector field of dM. As an application, the HWI inequality is established 
on manifolds with (nonconvex) boundary. In order to study this semigroup, Hsu's 
gradient estimate and the corresponding Bismut's derivative formula are established 
on a class of noncompact manifolds with boundary. 

AMS subject Classification: 60J60, 58G32. 
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1 Introduction 

Let M be a d-dimensional connected complete Riemannian manifold with boundary dM 
and L = A + Z for some C^-vector field Z such that 

(1.1) Ric-VZ >-K 

*Supported in part by NNSFC(10721091) and the 973-Project. 
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holds on M for some constant K G M. This curvature condition is well known by Bakry 
and Emery [1]. 

Let Xt be the reflecting diffusion process generated by L on M, and let It be its local 
time on the boundary DM. Let r be the flrst hitting time of Xt to dM. It is well known 
that the following heat equation can be described by using the process Xt. 

(1.2) dtU = Lu, n(0,-) = /, 

where / G ^^b{M). With Dirichlet boundary condition u\gM = the solution can be 
formulated as 

u{t,x)=E^[f{Xt)l{t<r}] 

while under the Neumann boundary condition Nu\qm = one has 

u{t,x)=E^f{Xt), 

where is the expectation taking for the process Xt starting at x. In this paper we shall 
provide the corresponding probability formula for the solution under the Robin boundary 
condition (cf. [H page 102]): 

(1.3) Nf ■.= {N,Vf) = -Qf ondM, 

where Q G Cb{dM) and N is the inward unit normal vector fleld on dM. It turns out 
that under a reasonable assumption the solution to (11.21) under condition flL3p can be 
formulated by 

(1.4) u{t,x) = P?f{x) := E^'{/(Xi)e^oQ(^»)d'»}^ t > 0,x G M. 

As soon as is well deflned, the semigroup property follows immediately from the 
Markov property of the reflecting diffusion process Xt. To ensure the boundedness of 
under the uniform norm, it is natural to ask the local time It to be exponentially 
integrable. According to calculations from [13] (see also the proof of Lemma [2.11 below) . 
for this we shall need the following assumption. 

(A) The boundary dM has a bounded second fundamental form and a strictly positive 
injectivity radius, the sectional curvature of M is bounded above, and there exists r > 
such that Z is bounded on the r -neighborhood of dM. 

Let pqm be the Riemannian distance to the boundary. Then the r-neighborhood of 
dM is drM := {x G M : PdM{.x) < r}, where pqm is the Riemannian distance to the 
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boundary DM. Next, the injectivity radius iqm of DM is the largest number r such that 
the exponential map 

[0,r) xdM 3 {s,x) ^ exp[siVj G drM 

is diffeomorphic. In particular, pqm is smooth on drM for r < iqm- 

Finally, to state our result, we introduce the following class of references functions: 

% := {/ G C^{M) : Nf + Qf = Oon dM}. 

Theorem 1.1. Assume (A) and (TOl) hold and let Q G Cb{dM). 

(1) {PjP}(>o «s a positivity-preserving strong Feller semigroup of bounded linear oper- 
ators on l3§b{M), whose generator is L with domain containing all functions f G Cq{M) 
such that Nf + Qf = holds on dM. 

(2) Let Z = W for some V G C'^{M) with p.{dx) := e^^^^dx not necessarily finite. 
Then {P^}t>o provides a bounded symmetric Co-semigroup on // in particular 
Q < 0, then is sub-Markovian and the associated symmetric Dirichlet form {S", 2!{S')) 
is the closure of {S", with 

'^{f.g) = M.9))-i^d{Qf9). f.g e %. 

We note that a solution to the heat equation ( 11. 2p under the Robin condition ( 11. 3p 
can be represented by (11 .4^ provided it is bounded in x G M. Indeed, by the boundary 
condition and the Ito formula, for fixed t > 0, 

du(t - s,Xs) = dMs + Nu(t - s, d/, = dM, - {Qu{t - s, ■)){Xs) dh 

holds for some local martingale Mg up to time t. So, s i— > u(t — s, Xg) explf^ Q{Xr)dlr] 
is a local martingale as well. Since u is bounded and It is exponential integrable due to 
Lemma [2.11 below, it is indeed a martingale. Thus, ( II. 4p holds. 

Since the local time k is not absolutely continuous in t, the semigroup P^P is essentially 
different from the well developed Schrodinger semigroup. According to Theorem 11.11 below 

is generated by L under the boundary condition Nf + Qf = 0, where N is the inward 
unit normal vector field on dM. So, the formula (11.41) will be important in the study of 
this boundary value problem on M. In this paper we shall explain how can one apply this 
semigroup to the study of HWI inequality on manifolds with boundary. This inequality 
links three important quantities including the entropy, the energy and the Wasserstein 
distance (or the optimal transportation cost), and was found in [3], [2] on manifolds without 
boundary. 

To study the HWI inequality, we consider the symmetric case that Z = W for some 
V G C2(M) such that fi{dx) = e^^^Mx is a probability measure on M, where dx is the 
Riemannian volume measure on M. Let Pt be the semigroup of the reflecting diffusion 
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process generated by L on M, which is then symmetric in When DM is convex 

(II. ip imphes the following gradient estimate (cf. [9l [T2]) 



(1-5) |VPJ|<e^^*Pi|V/|, feCl{M). 

Combining this estimate and an argument of [2] , we can easily obtain the following HWI 
inequality: 

(1.6) logf ) <2vWvMw^2(/V/i) + f W^2(/V,/i)', M/') = 1, 

where W2 is the L^-Wasserstein distance induced by the Riemannian distance function p 
on M. More precisely, for a probability measure u on M (note that we are using to 
replace in [2]) 

W2{i^,fif:= inf / p{x,yfn{dx,dy), 

where ^(z/, p) is the class of all couplings of u and p. 

To see that is important in the study of the HWI inequality on a nonconvex 
manifold, let us briefly introduce the main idea for the proof of (11. 6p on a convex manifold 
using (II. 5p . Firstly, due to Bakry and Emery, (ll.Sp implies the semigroup log-Sobolev 
inequality 

(1.7) Ptiflogf) < {P,f)\ogP,f + ^ ^ ' Pt\Vf\'. 
Taking integration for both sides with respect to p we arrive at 



(1.8) M/'log/') < ^ ^ V (|V/P)+/i(mniogP,f)). 

On the other hand, according to Pl Proof of Lemma 4.2] the gradient estimate (11.50 
implies (again note that the W2 here is twice of the one in [2]) 



2Kt 



Kp 

;i-9) M(^*/')iogp*/') < w7-4^w2{fpi,f^r. 



2(e 

Combining this with (ll.8p and minimizing in t > 0, one derives (II. 6p . 

Now, what can we do for the nonconvex setting? According to [S], in this case the 
local time and the second fundamental form will be naturally involved in the upper bound 
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of \VPtf\. Let the second fundamental form be bounded below by —a for some a > 0, 
i.e. 

(1.10) 1{X,X) ■= -{VxN,X) > -(t|X|^ X G TdM. 

Recall that is the inward unit normal vector field on dM. According to [5], Theorem 
5.1], if M is compact and V = then (11.11) and (ll.lOp imply 

(1.11) \VPtf\ix) < e^^*E^{|V/|(X,)e'^'*}, x G M,t > 0,/ G CUM), 

where Xt is the reflecting L-diffusion process and /< is its local time on dM. In this paper 
we shall prove (11.111) for Z 7^ on noncompact manifolds under assumption (A), see 
Proposition 12.21 below. 

Since the local time is unbounded, we are not able to derive from (II. lip the semigroup 
log-Sobolev inequality like (ll.7p . But Theorem 11.1( 2) enables us to derive a log-Sobolev 
inequality of type (ll.Sp using (II. lip , from which we can prove the following HWI inequality 

Theorem 1.2. Let Z = W for some V G C^{M) such that /i is a probability measure. 
Assume (A) and ( li.ip . Let I > —a for some a E^. Then 

rix{s) := sup E'^e^'^ < 00, s, A > 
xeAi 

holds, and for any t > 0, 

(1.12) iogf)<4f /^^%,.(.)d.)Mlv/^) + ^ ^ , Mn = i- 

To derive an explicit HWI inequality, we shall estimate 772^ as in [13] by using the Ito 
formula for o pg^iXt) with a specific choice of (see Lemma [2.11 below) . From this we 
obtain the following consequence of Theorem 11.11 immediately. Let Sectjv/ be the sectional 
curvature of M, and let 

6riZ) := sup(Z, VpoAi)", r > 0. 

drM 

Corollary 1.3. Let Z = W for some V G C^(M) such that fi is a probability measure. 
Assume (A) and (li.ip . Let ro,a,k,> be such that Sro{Z) < 00, —a < I < 7 and 
Sectjv// < k. For any 



and for Kr := K + ^ + a6r{Z) + 4cr^ the HWI inequality 



As preparations, in the next section we shall confirm the exponential integrability of It 
and establish (11. Ill) on noncompact manifolds. The above two theorems are then proved 
in Sections 3 and 4 respectively. To prove the strong Feller property of and for further 
applications in the literature, the Bismut type formula for Pt on manifolds with boundary 
is addressed in Appendix at the end of the paper. 

2 Exponential estimate and Hsu's gradient estimate 

As explained in Section 1, to ensure that P^ is well defined, we first study the exponential 
integrability of the local time. 

Lemma 2.1. Let > be such that 5ro(^) < oo and let k,'~f be in Corollary \1.3\ . Then 



holds. 



sup E^e * < exp 



Xdr 




t , t > 0, A > 



L 2 



+ 



holds for any 



r 1 

< r < min < iqm, tq, arcsin 




Proof. Let 




Then h is the unique solution to the equation 



h" + kh = 0, /j(0) = l,/i'(0) = -7. 
By the Laplacian comparison theorem for pgM (cf. [TJ Theorem 0.3] or [H]), 




(2.1) 



LpdM > 



{d-l)h' 
h 



(PdAi) - Sr{Z), paM<r. 
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Now, let 



a = (1 - hir))^-" / {h{s) - h{r)y-Ms, 
Jo 

1 



a 



^(s) = - / (/i(t) - h{r)y-'^dt / {h{u) - h{r)Y~^du, s > 0. 



tAr 



We have ip{0) = 0,0 < ip' < "^'(0) — 1- Moreover, as observed in Proof of Theorem 
1.1], 



(2.2) 



a > -, V'(oo) = ?/;(r) < — < — . 
ct 2a 2 



Combining this with (12. ip we obtain (note that il)'{s) = for s > r) 



(2.3) o pqj^ = o pqmLpqm + ^" o pdM >-- - 5r{Z) > -- - 5r{Z). 

a r 

On the other hand, since ^^'(O) = 1, by the Ito formula we have 



(2.4) 



d^ o pQM{Xt) = V2i^' o pQM{Xt)dbt + L^jo pQM{Xt)dt + dlt 



where bt is the one-dimensional Brownian motion. Then it follows from (12. 2p and (12.30 
that (note that \ip'\ < 1) 



Ee^'* = Eexp 



X^jj o p9M{Xt) + [— + X5r{Z)y - v^A y ij'o pQM{X,)db, 



< exp 

< exp 



-Xdr+ (— + X6JZ))t 
2 V r / . 

-Xdr+ (— + X6JZ) + 2X^)t 
2 V r / 



Eexp 



/ {i;' o p9,j{Xs)yds 

JO 



1/2 



□ 



This Lemma ensures the boundedness of under the uniform norm. Next, we intend 
to prove (II. lip under assumption (A), which is known by [5] for compact M and Z = 0. 

Proposition 2.2. Assume that (A). Let ni, K2 G Cb{M) be such that 



(2.5) 



Ric -VZ > -fti, I > -K2 
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hold on M and DM respectively. Then 



(2.6) 



\VPtf\{x)<W{\Vf\{Xt)ew 



Ki{Xs)ds+ / K2{Xs)dls 
^0 



holds for all f e Cl{M),t > 0,x e M. 

We first provide a simple proof of (12. 6p under a further condition that |VP./| is 
bounded on [0,T] x M for any T > 0, then drop this assumption by an approximation 
argument. Since this condition is trivial for compact M, our proof below is much shorter 
than that in [5]. 

Lemma 2.3. Assume that f G C^(M) such that | VP./| is bounded on [0, T]x M for any 
T > 0. Then (^K^ holds. 

Proof. For any e > 0, let 



By the Ito formula we have 

L\VPt^J\'^ -2{VLPt.sf.yPt-sf) ,^ 
dC =dM, + ^ ' ^ — -^^{XMs 

2^e+\WP^^JVY 

(Y\A , N\VP,^,f\' ^^^^^ 

where is a local martingale. Combining this with (12.51) and (see [H (1.14)]) 





V|VPt_Jp 


2 


4(£ + 


|VPt„J|2)3/2 



(2.7) 

we obtain 



L\Vu\^ - 2(VLm, Vm) > -2fi:i|VM| 



|V|Vu 


2 


2 


2|Vn 


2 



Since is bounded on [0,t], ki and ^2 are bounded, and by Lemma [2. II Ee'^'* < oo for all 
A > 0, this implies that 



[0, t] 9 S 1-^ 6xp 



«:i|VPt_,/p 



iXr)dr 



/^2|VPi_,/p 



[Jo £+|VPi_,/P^ 7o e+\WPt-rf\^ 

is a submartingale for any e > 0. Letting e | we conclude that 



{Xr)dlr 



[0,t] 3 s^\VPt^sf\iXs)exp 



Ki{Xr)dr+ / K,2{Xr)dl 



is a submartingale as well. This completes the proof. 



□ 
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By Lemma I2.3[ to prove Proposition 12.21 it suffices to conffim the boundedness of 
I VP. /I on [0,T] X M for / G Cl{M). Below we ffist consider / e C^{M) satisfying the 
Neumann boundary condition. 

Lemma 2.4. Assume (A). If U.l} holds then for any T > and f G C^(M) such that 
NflsM = 0, IVP./I IS bounded on [0, T] x M. 

Proof. We shall take a conformal change of metric as in [Tl] to make the boundary convex, 
so that the known estimates for the convex case can be applied. As explained on page 
1436 in [H], under assumption (A) there exists G C°°{M) and a constant R > 1 such 
that I < (p < R, |V0| < R,N\og(f)\9M > (J, and V0 = outside drM. Since I > -a, by 
[Tit Lemma 2.1] dM is convex under the new metric 

(■,-) = r'(-,-)- 

Let A', V', Ric' be corresponding to the new metric. By [HI Lemma 2.2] 

L' := (j)'^L = A'+{d- 2)0V0 + =: A' + Z'. 

As in [15| we shall now calculate the curvature tensor Ric' — V'Z' under the new metric. 
By [T4l (9)], for any unit vector U G TM, U' := </)f/ is unit under the new metric, and 
the corresponding Ricci curvature satisfies 

Ric'(f/', U') >0^Ric(f/, U) + 0A0 -{d- 3)| V0|^ 
^^■^^ -2(f/0)2 + (c/-2)0Hess^(f/,[/). 

Noting that 

VxY = \7xY - (A, Vlog0)r- (F, Vlog0)A+ (A,F)Vlog0, A, F G TM, 
we have 

(Vf;'Z',t/')' = {VuZ\U) - (Z', Vlog0) 

= 0'(Vf7Z, t/) + (f/0')(Z, f/) + (rf - 2){U<pf + {d- 2)0Hess^(t/, f/) - (Z', Vlog0). 

Combining this with (12.81) . (11.11) . \\Z\\r < oo and the properties of mentioned above, we 
find a constant K' > such that 

Ric'(t/,' t/') - {Vu>Z', U'Y > -K', (f/', U'Y = 1. 

For any x,y & M, let (A^', Y^) be the coupling by parallel displacement of the reflecting 
diffusion processes generated by L' with (Aq,Fq') = {x,y). Let p' be the Riemannian 
distance induced by (■, ■)'. Since (M, (-, ■)') is convex, we have (see [121 (3.2)]) 
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p'(x;,y/)<e^V(^,z/), t>o. 

Since 1 < < i?, we have i?~^p < p' < p so that 

(2.9) p(X;,r/) <i?e^'V(^,y), t>0. 

To derive the gradient estimate of Pt, we shall make time changes 

Jo Jo 
Since L' = we see that Xt := X' i, . and Yt := ^^'-i/.n are generated by L with 

reflecting boundary. Again by 1 < < i? we have 



R-h<c\t),^;\t)<t, t>0. 

Combining this with |V</'| < -R, 1 < </> < -R and (12.91) we arrive at 



j£^'^(t)A£-^(t) 



(2.10) 



le. o c^w - o c^(t)i < / \<p'{x:) - <p'{Y:)\ds 

Jo 



Therefore, 



(2.11) 



<2R^p{x,y) [ e^''ds <2te^''R^p{x,y). 
Jo 



\PJ{x) - PJ{y)\ = |E{/(X;_.(^p - f{Y^-.^,))}\ 



By ([21]) and CH^) < ^ we obtain 



(2.12) 



/i < ||V/|Ue^ *i?p(x,y). 



Moreover, since / G C^(M) with N f\QM = 0, it follows from the Ito formula and (12.101) 
that 



h < 



E 



G\t)'J£.y\t) 



G\t)M-\t) 



L'fiX'Ms 



< ||L7||ocE|e-'(t) -C'WI < cite^''pix,y) 
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holds for some constant Ci > 0. Combining this with (12. lip and (12.121) we conclude that 

llVPJIloo <C2(l + t)e^'*, t>Q 
for some constant C2 > 0. □ 

Proof of Prposition \2.S[ Let / G C^(M). By Lemma 12.31 we only have to prove the 
boundedness of |VP./| on [0, T] x M . 

(a) Let / G C^{M). In this case there exist a sequence of functions {/n}r!.>i C C^{M) 
such that NfnldM = 0, fn ^ f uniformly as n — >• 00, and ||V/„||oo < 1 + ||V/||oo holds 
for any n > 1, see e.g. [11]. By Lemmas 12.31 and 12.41 (12.61) holds for in place of / so 
that Lemma [2.11 implies 

\Ptfn{x) — Ptfn{y)\ ^ ^ + ^ rp \ 1 / 



for some constant C > 0. Letting first n — > then ?/ — > x, we conclude that |VP./| is 
bounded on [0, T] x M. 

(b) Let / G C^{M). Let {gn}n>i C C^{M) be such that < ^„ < 1, |V^„| < 2 and 
(?„ t 1 cis I 00. By (a) and Lemma [2.3[ we may apply (12.61) to Qnf in place of / such 
that Lemma [2.11 implies 

|P,(*/)W-/'.te./M<c. t<T,n>l,.^y 



holds for some constant C > 0. By the same reason as in (a) we conclude that |VP./| is 
bounded on [0,T] x M. 

(c) Finally, for / G CfJ(M) there exist {/„}„>! C C^{M) such that fn-^f uniformly 
as n — > cxD and || V/„||oo < || V/||oo + 1 for any n > 1. Therefore, the proof is complete by 
the same reason as in (a) and (b). □ 



3 Proof of Theorem 11.1 



The boundedness of P^ under the uniform norm is ensured by Lemma 12. 1[ Since a 
bounded continuous function can be uniformly approximated by bounded smooth func- 
tions, due to Lemma [271] we may and do assume that Q G C^{dM). To handle the integral 
Q{Xs)dls, we shall also need the upper bound of LpdM- 

Lemma 3.1. Let I > —a and hold. Then 

LpdM <{d- 1)(T + sup(Z, A^) + KpQM, PdM < i^M- 

dM 
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Proof. Let x G M such that paM^x) < iau- Then there exist a unique xq G dM and the 
minimal geodesic x. : [0,P9m(x)] — M hnking dM and x. By ( 11.11) we have 

Ric(a;5, Xs) > (Vi^Z, Xs) - K =: R{s). 

Let h solve the equation 

h"{s) + ^^^(5) = 0, h{0) = 1, /i'(0) = a. 
By the Laplacian comparison theorem (see O Theorem 1]), 

^Pauix) < ^ ^ ' (paMix)) = {d- l)a +{d-l) j ( - j {s)ds 

< {d- l)a + KpaM^x) - {V±^Z,Xs)ds. 

Jo 

Then the proof is completed by noting that 

rPdMi^) 

Zpahiix) = {Z,N){xo) + / {V±^Z,Xs)ds. 

Jo 

□ 

3.1 The strong Feller property 

As explained after Theorem 11.11 when M is compact the solution to (11.21) is bounded in 
X G M, so that (ll.4p holds. In particular, f is differentiable for / G ef^b(M) and thus, 
PjP is strong Feller. When M is noncompact, this argument does not apply due to the 
lack of boundedness of u{t,-). Below we provide a different proof for the strong Feller 
property. 

a) We first prove the Feller property. Since by Lemma [2. II for / G Cb{M) the function 
PjP/ is bounded, it suffices to show that 

(3.1) limP,«/(y)=P,«/(a;), x e M. 

y->x 

For any y G M, let {Xs,Ys) be the coupling constructed in the proof of Lemma (2.41 via 
time changes. We shall first prove 

(3.2) lim max p(X„ F,) = 0. 

y^x sg[o,t] 
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Using the notations in the proof of Lemma [2^ and adopting fl2.9p and fl2.10p . there exists 
a constant c(t) > such that for any s G [0, t] 

< c{t)p{x,y) + sup {p{X'^^,XlJ : si,S2 G [0,t + c{t)p{x,y)], \si - Ssj < c{t)p{x,y)}. 

By the continuity of the reflecting diffusion process we prove (13.21) . 

Next, to describe /J Q{Xs)dls we shall apply the Ito formula to a proper reference 
function of Xg. To this end, we first extend Q to a smooth function on M. By assumption 
(A), one may find a function Q G C°°(M) such that Q\dM = Q, NQ\qm = and | VQI + 
\LQ\ is bounded. This can be realized by using the polar coordinates 

dM X [0, r) 3 {6, s) ^ exp[siVe] 

for small enough r > such that pg is smooth on drM. From this one may take Q{6,s) = 
Q{e)h{s) on drM for some h G C°°([0, oo) such that h{0) = 1, h'{0) = and h{s) = for 
s > r, and let Q = outside drM. This Q meets our requirements since Lpg is bounded 
on drM according to (12. ip and Lemma [3. 1[ 

Let $ G Co°°([0, oo)) be such that < $ < 1, = 1 for s G [0, 1] and = for 
s > 2. Let 

]^ rpai\i/n 
n Jo 

Then < < 2n~-^,'?/;„ = p^A/ for p^M < n~^,ipn is constant for pa^/ > 2?i"^ and 
\Vipn\ < 1- Moreover, G C°°(M) for large n. Since Vipn = N and NQ = on 9M, by 
the Ito formula we have 

(QV^„)(Xi)=M„(t)+ f L{tlJr,Q){X,)ds + rg(X,)d/„ 

JO JO 

where Mn{t) is a martingale with 

(3.3) (M„)(t) = r I v(gv^„)p(x,)ds. 

JO 

Note that L{Qipn) is bounded since so is \VQ\ + \LQ\ + la,,M|-^^PaM|- Similarly, let be 
the local time of Yg on 9M, we have 

mn)iYt) = Mlit) + [ L{ijnQ){Ys)ds + [ Q{Ys)diy 

JO JO 

for some martingale M^it) with 
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(3.4) 



\vmn)\\Ys)ds. 



Combining these with (13.21) and using the dominated convergence theorem, we obtain 



(3.5) 
and 



p^f{^x) = hmE{/(rt)e('^'^"^^^*^"-^"^('^'^"^^^'=^'^'"^'^"(*^} 



(3.6) 



/„(y) := |pQ/(^)_E{/(rOe('^'^"^('''^~^°''^'^'^"^(''^^''^-'''"^*)}| 

< E|/(Fi)e-^oQ(^'')d'?(i _ eM,?W-M„(t))| 

< Ci(E|l - Q{MK{t)-Mn{t)) ^2^/2 



for some constant Ci > 0. Since by the construction of ipn, (13.31) and (13. 4p we conclude 
that Mn{t) and M^{t) are exponentially integrable uniformly in y and 

(M„,)(t) + {My)it) < C2 f{la,,MXs) + la,,„M(n)}ds 



holds for some constant C2 > 0, it follows from (13.21) and (13. 6p that 



lim lim /„(?/) = 0. 

n— >oo j;— >x 



Combining this with (13. 5p we derive (13. ip . 

b) Let / G J3§b{M). By Remark A.l in the Appendix, the Neumann semigroup is strong 
Feller. So, fe '■= Pef G Cb(M) for any e > 0. Combining this with the Feller property of 

^ it suffices to prove 



(3.7) 



lim||P,'^/-P,ij,|U = 0. 

e— >0 



Since Q is bounded and Is is continuous in s according to (12. 4p and the continuity of Xg, 
Lemma [2.11 implies that 



(3.^ 



lim sup 



/(Xf)e^o ^(^=)^'^(l - e^i-M^^)<^is'^ 



0. 



Next, let {'^s}s>o be the natural filtration of X^. By the Markov property we have 
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Combining this with (13. 8p we prove (13.71) . 

3.2 The generator 

We first prove that 



(3.9) 



lini||P,'3/_/||^ = 0, feCoiM). 



Since a function in Cq{M) can be uniformly approximated by functions in C^{M) satisfy- 
ing the Neumann boundary condition, we may assume that / G C^{M) with Nf\gM = 0. 
By the Ito formula we have 



\Ptf -f Woo < sup f Ps\Lf\ds<t\\Lfl 

M Jo 



which goes to zero as t — 0. Noting that 



iPi^f -f\< \Ptf -f\ + \p?f - Ptf\ < \Ptf - f\ 



loo sup E^(ell 



1), 



by Lemma [2. II for A = ||Q||oo and letting first t then r — 0, we obtain (13. 9p . 

Next, let / G Cq(M) satisfy the boundary condition Nf + Qf = 0. We intend to prove 
that 



(3.10) 



lim 



Pt^^f - f 



Lf 



By the Ito formula and the boundary condition, we have 



d{/(Xi)ei'oQ(^=M'^} 

= dMt + (L/(Xi))e^o + {Nf{Xt 

= dMt + (L/(Xt))e^oQ(^»)d'»dt 

for some martingale Mt. This implies 
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P,^/(a:) = f{x) + rE-{(L/(X,))e/o «(^^)<^'^}ds. 

^0 



So, 



-Lf 



-tl \\P^W)-Lf\\^ds, 



and hence fl310D follows from since Lf G Co(M). 

3.3 The symmetry and Cq property 

Let Z = 'W. Since by Lemma [2. II 

{Pt^ff < (Pt/')Ee2'*ll^ll- < c{t)Ptf 

holds for some constant c{t) > 0, the boundedness of in L'^{fi) follows from the fact 
that yU is P(-invariant. Moreover, since 



\pf^f - /r < 2|A«/ - pj\' + 2\pj - 

<2|P,/-/p + 2(P,f)supE^(e" 



1)^ 



by Lemma [2. II and the strong continuity of Pt in L'^{fi), we conclude that Pj^ is strongly 
continuous in L'^ifJ^) as well. So, it remains to prove that for any f,g& Cq{M) 



(3.11) 



fiigP,'^f)=fiifP^^g). 



We shall prove (13.111) by using symmetric Schrodinger semigroups to approximate P^ . 
Let Q and ipn be constructed above. We have 



(3.12) 
where 



En := E^[/(XOe-^o Q(^»)d'=(i _ e-^"W-(Wn)(xO)]^ 



which goes to zero uniformly in x as n — ^ oo according to Lemma 12.11 and the properties 
of Q and tpn- Let P^''"^ be the Schrodinger semigroup generated by 

Ln:= L- L{Qi)n). 
Since L{Qtpn) is bounded, by the Feynman-Kac formula 
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and P/"""* is symmetric in So, 



JM 

(3.13) = /" /(x)P/"^^(x)/i(dx) = / /(x)E"[^(Xt)e-^oi(Wn){x.)d.|^^^^^ 

JM 

Obviously, Mn{t) — {Qipn)iXt) a.s. as n — oo and is exponentially integrable 
uniformly in x. So, by Lemma \2.1\ (13. 121) . (13.131) and using the dominated convergence 
theorem we arrive at 

f^(^gpQf)= lim / / /(x)E"[(7(Xt)e/o«(^^M'^+^"W-(W.)(xO]^(dx) =/i(/P,^(7). 
I Jm J 

3.4 The Dirichlet form 

Again let Z = VV foi V e C^{M). Let Q < such that <^ > 0. Since by and the 
integration by parts formula, we have 

'^{f,9) = - [ fLgdfi, f,ge%, 

JM 

the form ff , ^q) is closable. Moreover, as in §3.2 for / G one has ^^4^ ^ Lf in L'^{fj.) 
as t — *• 0, it remains to show that ((f , ^o) is a pre-Dirichlet form in L'^{fi). Firstly, to 
understand that [S", is well defined in L^(/i), i.e. (S'{f,g) is independent of /^-versions 
of / and g, for a bounded continuous extension Q of Q on M, we rewrite 



r— >o r 

Since Q < implies the nonnegativity and the normal contraction property of <f , it 
remains to show that is dense in L'^{n). 

It is well known that the class of functions in C^{M) satisfying the Neumann boundary 
condition is dense in L'^{fJ,), it suffices to prove that for any / e C^{M) with N f\QM = 0, 
there exists a sequence {/„} C S^q such that /i(|/n — /P) — > as n — > cx). To this 
end, for any e > 0, let h, e Cq~([0,oo)) such that h,{0) = 0,K{0) = l,K{s) = for 
s > To and ||/ie||oo < ^/IIQIloo- Here rg > is such that pqm is smooth on dr^M. Then 
ipe{G^ s) := 1 + Q{0)h^{s) defined under the polar coordinates 

dM X [0,ro) 3 {e,s) ^ dr,M 
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is smooth and can be naturally extended smoothly on M by letting ■?/;£ = 1 on M \ dr^M. 
Obviously, we have ipsldM = l^^'^elaM = Q and \ip^ — 1| < e. Thus, ip^f G and 
^pef ^ / in ^^(Ai) as e 0. 



4 Proof of Theorem 11.2 



By Lemma [2.11 it remains to verify (11.121) . Let / G C^(M) and t > 0. We have 

(4.1) -P4(P,„,f )logP,_.f } = pJ-^^jJzll_L^ s G [0,t]. 

By (11.111) and the Schwartz inequality we have 



< 4e2^'(*-^)En|V/P(Xi_,)e2'^'-=} =: 4e2^(*-^)(?,(|/), s G [0,t],y e M. 
Combining this with (14. ip we obtain 

Jo 

Since /i is an invariant measure of Pt, taking integral for both sides with respect to /x we 
arrive at 

/^(f log/^) < fimniogp,n+4 fe^^^^'-^^Mds. 

Jo 

Since by Theorem 11.1( 2) Pj^^ for Q = 2cr is symmetric in L'^{fi), we have 



M = I |V/P(x)EV'^'->(da;) < f\')v2At " s) 

I M 



it follows that 



(4.2) Kf^ogn < /i((PJ^) log P,/^) +4/i(|V/n / e''^-'v2.{s)ds 







This is an extension of (II. 8p to the nonconvex case. 

On the other hand, we intend to establish an analogous to (II. 9p for the present situ- 
ation. For any x, ?/ G M, let x. : [0, 1] — > M be the minimal curve linking x and y with 
constant speed. We have Ix^l = p{x,y). Let h G C^([0,t]) be such that ho = l,ht = 0. 
Then by (II. lip which follows from Proposition 12. 2[ we have 
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Pt\ogf{x)-logPtf{y) = l' ^Ps{logPt^sf){xh,^Ms 



ds' 

g-j Jo ^ \^t~-sj ) J 

< f hy^^^,^{s)ds =: c(t)p(x,y)^ 



Now, let p(/^) = 1 and vr G ^{pji.ii) be the optimal coupling for W2{PfJ.,fJ.). It 
follows from the symmetry of and (14. 3p that 



^Imn\ogPtn = fiifPtiogPtf) = / Pi(iogPtr)(x)7r(dx,d2/) 

J MxM 

< [ {\ogP2tf{y) + c{t)p{x,yy}7r{dx,dy) 

J MxM 

where in the last step we have used the Jensen inequality that 

p(logP2tf)<logp(P2tf) = 0. 

Combining this with (14. 2p we obtain 



Kf^ogf) < 4p(|V/n j\'^^^2.{s)ds + ^^^^^^'^)' j\y^^^2.{s)ds. 



Then the proof is completed by taking 



/ e '^^'^ri2a{u) Mm 



□ 



5 Appendix: the Bismut formula 

By using a formula for the gradient of Pt derived in [5] , one obtains the following Bismut 
type formula (15.21) as in [10], which in particular implies the strong Feller property of Pt 
as explained in Remark A.l below. 
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Because of the exponential integrability of It ensured by Lemma I2.H it is easy to see 
that the argument in [5] for compact M works also for the present case under assumption 
(A) and condition (ll.ip . To state the formula for the gradient of Pt obtained in [5], let 
us first introduce the SDE for the horizontal lift of the reflecting L-diffusion process. 

Let 0{M) be the bundle of orthonormal frames over M and let it : 0{M) —>■ M he 
the natural projection. Then Xt and its horizontal lift Ut on 0{M) solve the following 
equations: 

dut = o dXt, 

dXt = V2utodBt + Z{Xt)dt + N{Xt)dlt, 

where is the d-dimensional Brownian motion and '■ T^^uM TuO{M) is the hori- 
zontal lift at M e 0{M). Next, let be the ® R^'-valued process solving the equation 

dMt = -MtR^^t, Mo = /, 

where 

Ru{a, h) = mc{ua, uh) - (V„a^, uh), ue 0{M), a,b e M*^. 
Then for any / G C^{M) we have (cf. the proof of O Theorem 5.1]) 



(5.1) 



Since by Lemma [2. II and Proposition 12.21 |VP./| is bounded on [0,T] x M for any T > 0, 
this follows since according to [5], Theorem 3.7] the process {MsF{us,t — s)}sg[o,t] is a 
martingale for F{u, s) = u'^VPsfinu). Due to (15. ip we have the following result on the 
Bismut type formula. 



Proposition 5.1. Assume (A) and Then for any f G C^{M) and any increasing 

function h e C\[Q,t\) such that h{0) = 0,h{t) = 1, 



(5.2) 



Mo 



f{Xt) [ h'{s){Ms,dB,) 
Jo 



holds for X E M and Xt, Ut start from x, Uq G Ox{M) respectively. 
Proof. By Ito's formula we have 

dPt.sf{X,) = V2{VPt-sf{Xs),UsdBs). 

Then 
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(5.3) fiXt) = Ptf + V2 [ (VPt„ J(X,), uABs). 

Jo 

Combining this with (15. ip . for any a G M'^, 

-^e|/TO^ /i'(s)(M,a,d5,)| =E^ {VPt^sf{Xs),Msa)h'{s)ds 

= [ {uoa,VPtf)h'is)ds = {uoa,VPtf). 
Jo 

This completes the proof since a G M'' is arbitrary. □ 
Remark A.l. By ( II. ip and letting I > —a, we have 

||M,|| < e-^'+"'% s>0. 
So, by Lemma [2. II and (15.21) . for any t > there exists a constant C{t) > such that 

II VPJIloo < ll/l|ooC(t), t>OJe C^iM). 

This implies 

\Ptf{x)-PJ{y)\ < C{t)\\f\\^p{x,y), x,y e MJ e C^{M). 

By the monotone class theorem, this inequality holds indeed for all / G ^f,{M) and thus, 
Pt is strong Feller. 
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